PARALLEL FOCAL STRUCTURE AND SINGULAR 
RIEMANNIAN FOLIATIONS 



DIRK TOBEN 



Abstract. We give a necessary and sufficient condition for a submanifold with 
parallel focal structure to give rise to a global foliation of the ambient space 
by parallel and focal manifolds. We show that this is a singular Riemannian 
foliation with complete orthogonal transversals. For this object we construct 
an action on the transversals that generalizes the Weyl group action for polar 
actions. 



In his thesis [Ew], Ewert introduced the notion of a submanifold with paraUel 
focal structure as a generalization of isoparametric submanifolds in Euclidean space 
(see for instance [PaTe]) and equifocal submanifolds in simply connected symmetric 
spaces ([TeTh]). For a survey on these and related objects, see [Th2]. In order to 
generalize results known for isoparametric and equifocal submanifolds we pursue a 
completely different approach than in the respective theories. We first look for a 
condition under which the given submanifold with parallel focal structure gives rise 
to a singular foliation of the ambient space. Then we will obtain similar properties 
as for isoparametric and equifocal submanifolds as a consequence of this foliated 
structure. 

Let iV be a complete Riemannian manifold and AI be a submanifold. We begin 
by asking under which conditions we have a good partition of N by parallel and 
focal manifolds of M . To properly define parallel and focal manifolds, M has to 
suffice the following minimal conditions. 

(1) vM is flat, i.e., any v e vM can be locally extended to a parallel normal 



(2) the rank of the locally defined map exp o v' is constant for any v £ vM . 
For V £ vM we define 



where || c denotes normal parallel translation along c. We call My parallel manifold 
of M if the rank of exp o v' is maximal, otherwise focal manifold. 

Definition 1.1. ([HLO]) We say that M gives rise to a global foliation T = 
{My I V G VpM} of A^, if U = N, and n M„, 7^ imphes My = My,. 
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1. Introduction 



field v'. 



My = |exp (^(||c)t;j c is a curve in M 
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Example 1.2. First we take N — S"^ and M a parallel of the equator. Clearly 
M induces a global foliation. Next we consider the flat torus N = T"^ and a small 
distance circle M centered at a point p in iV. M does not induce a global foliation 
of N. 

With the notion of the cut locus of a proper immersion we give a necessary 
condition for M imdcr the above minimal conditions to induce a global foliation in 
Proposition 2.4. This condition is not sufficient. Now assume that M fulfills the 
minimal conditions and in addition that through any x G M there is a complete 
totally geodesic submanifold T,^, a section, with TxT,x = VxM. This class of sub- 
manifolds generalizes isoparametric submanifolds in Euclidean space and equifocal 
submanifolds in simply connected symmetric spaces for arbitrary ambient spaces. 
For this class we prove that the condition, that any two sections through a regular 
value of the normal exponential map of M coincide, is necessary and sufficient to 
give rise to a global foliation. We then call M a submanifold with parallel focal 
structure (the precise definition is given in 3.4). We only formulate the sufficiency 
condition: 

Theorem. A closed and embedded submanifold M with parallel focal structure 
and finite normal holonomy of a complete Riemannian manifold gives rise to a 
global foliation T . This global foliation is a singular Riemannian foliation admitting 
sections. 

The definition of a singular Riemannian foliation is given below. The converse 
statement, that a regular leaf of a singular Riemannian foliation admitting sections 
has parallel focal structure was proven by Alexandrino in [A]. 

Definition 1.3 ([Mo]). Let he a partition of injectively immersed submanifolds 
(the leaves) of a Riemannian manifold N. For any p G N let Mp be the leaf through 
p and let TJ^ = [Jp^jfTpMp. We define S(.7^) as the module of (differentiable) 
vector fields on N with values in TJ^. We call a singular Riemannian foliation, 
if 

(1) (Transnormality) a geodesic starting orthogonally to a leaf intersects the 

leaves it meets orthogonally; 

(2) (Differentiability) acts transitively on TJ^, i.e., for any v G TpJ^,p e N 
there is X e S(.F) with Xp = v. 

A leaf of maximal dimension is called regular, and so each point of it, otherwise 
singular. If, in addition, for any regular p there is an isometrically immersed com- 
plete totally geodesic submanifold Hp (the section) with TpS = VpMp, that meets 
any leaf and always orthogonally, is a singular Riemannian foliation admitting 
sections. 

A partition into injectively immersed submanifolds with every leaf of the same 
dimension is a foliation if and only if (2) is fulfilled. A foliation with (1) is a 
Riemannian foliation. The set of orbits of an isometric Lie group action on a 
Riemannian manifold iV is a singular Riemannian foliation. The set of orbits of a 
polar action is a singular Riemannian foliation admitting sections. 

In section 2 we introduce the cut locus of a submanifold. 

In section 3 we prove the above theorem. In 3.1 we describe general properties 
of submanifolds with parallel focal structure. In 3.2 we associate a regular Rie- 
mannian foliation {N,j^) to M, the blow-up, which was constructed in [Bou] for 
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singular Riemannian foliations admitting sections (with relatively compact leaves) . 
With this blow-up we show that each parallel manifold of M also has parallel focal 
structure and we derive the theorem in 3.3. 

In section 4 we study singular Riemannian foliations. In 4.1 we give an alternative 
proof of the converse of the above theorem. In 4.2 we introduce an action on the 
sections, the transversal holonomy group, which generalizes the Weyl group action 
of a polar action and we give applications. Furthermore we prove that each regular 
leaf of a singular Riemannian foliation admitting sections in a simply connected 
symmetric space has trivial normal holonomy. 

The author would like to thank G. Thorbergsson for many helpful discussions. 

2. Cut Locus of a Proper Immersion 

In this section we introduce the notion of a cut locus of a submanifold. This 
is a generalization of the cut locus of a point which is defined for instance in [Kl] . 
With the aid of this notion wc can formulate a necessary condition for a properly 
immersed submanifold with the two minimal conditions stated in the first section 
to give rise to a global foliation. 

Let be a complete and connected Riemannian manifold and M a manifold. 
By : M — > iV we will always denote an isometric immersion. Let c : I'M — > TN 
be the canonical immersion. We write rj := exp-*- = expoi, : i/M —> N and tj'" : 
Br{vM) N for the restriction of 77 to the normal ball bundle of M of radius r. 
Let if : M ^ N he a proper immersion. Let 7^ denote the geodesic with initial 
vector V € TN. 

Definition 2.1. We define a : v^M [0, 00] by 

cj{v) = sup{i G M I rf(7,(„)(i), ip{M)) = t). 

We call <t{v) the cut distance of M in direction v. The norm,al cut locus of ffi 
is defined by C'^ := {a{v)v \ a{v) < oo,v G v^M} and the cut locus or C(^m,n) 
byexp-LC^^. 

Definition 2.2. A vector v e uM is called a normal or normal vector and the 

geodesic 7t(r) a normal geodesic. If ||!'|| < (t(?;/||7;|[) for v G i^M, wc call v mini- 
mal and 7j;|[0, 1], and any reparametrization of constant speed, a minimal geodesic 
(segment). This terminology is justified by the fact that, in the set rj~^{p), the 
minimal vectors have the least length. Wc call a normal vector v a focal normal 
and r]{v) a focal point, if v is singular with respect to 77. We call a minimal vector 
V a cut vector and r]{v) a cut point, if there is a minimal w e vM with l{w) ^ l{v) 
having the same endpoint as v. In this case ||w|| = cr(w/||w||) = cr(w/||w||) = \\w\\. 

It is easy to sec that the limit of a converging sequence of minimal normal vectors 
is minimal and it is kown that tv for t > 1 is not minimal if is a focal vector or 
a cut vector. Also note that for every p & N there is a shortest curve from <fi{M) 
to p since (p{M) is closed and A'' complete; this is a normal geodesic. This implies 
that 77 is surjective. 

In contrast to the cut locus of a point the cut distance function is in general not 

continuous. It is upper semi-continuous and it is discontinuous, but not necessarily 
lower semi-continuous. In analogy to the cut locus of a point we have the following 
result: 

Proposition 2.3. The cut locus only consists of focal and cut points. 
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Proof. We consider a w G ly^M with cr{v) < oo such that (t{v)v is not a focal 
normal. We have to show that ri{a{v)v) is a cut point. We construct sequences (vn) 
in u^M and i„ > such that tnVn is minimal with ry(t„?)„) = ?7((cr(t') + l/n)!!). As 
'q\Br{vM) is proper for all r > we can assume that tnVn converges to, say Iqv, 
where v € v^M. Then a{v)v and t^v are minimal and have the same endpoint. 
This implies to = <t{v). Since r] is injective on a neighborhood of a{v)v we have 
l{v) ^ l(v) and r](p(v)v) = r\{a{y)v). □ 

Later we will frequently us the following notion. If r = inf{cr(v) | v e u^M} > 
we call r injectivity radius of (f and Ts — tube{M,s) = exp BglfM) an injectivity 
tube of M with radius s for any s with < s < r. By definition for each p G T 
there is exactly one minimal normal v with endpoint p up to foot point. If (fi is 
injective, ry : Bg{uM) — » Tg is a diffeomorphism. With the aid of the cut locus we 
can now already give a necessary condition for a properly immersed submanifold 
M with the two minimal conditions to give rise to a global foliation of the ambient 
space A''. 

Proposition 2.4. Suppose a (topologically) closed submanifold M satisfying the 
minimal conditions given in the introduction induces a global foliation T . Then the 
cut distance function is constant along parallel normal fields. 

Proof. Assume that M induces a global foliation and that the cut distance 
function a is not constant for some parallel normal field. Then there is a vq G vM 
with ||i;o|| > cr(t;o/||i'o||) and a parallel translation tii e i^M with \\vi\\ < a{vi/\\vi\\), 
i.e. V is minimal. We find a minimal vector wq G i^M with r]{wo) = ri{vo). Since 
My = Myj there is a normal parallel translation Wi of wo with ri{wi) = r]{w2). So 
\\wq\\ < \\vo\\ = < \\u>i\\ in contradiction with ||w7o|| = Ih-*^'!!!- ^ 

Indeed the condition of the proposition is not fulfilled in the second example 
in 1.2. This condition is general not sufficient. The search for a necessary and 
sufficient condition can be answered for the class of submanifolds with sections. 
We will do this in the next section. 

3. Submanifolds with Parallel Focal Structure 

3.1. General Properties. Let M and N be complete and connected Riemannian 
manifolds and : M — > A an isometric immersion. The aim of this section is 
to find minimal conditions for M to foliate the ambient space N with parallel 
submanifolds. 

For any v G TxN we have a decomposition of TyTN 

into the horizontal space and the vertical space with respect to the Levi- 
Civita connection V. The puUback of the metric on N with the canonical isomor- 
phism © ^ T^N X T^N is the Sasaki-metric by definition. Let M be a 
submanifold of N. Similar as above, for any v G vM we obtain a decomposition 

into the horizontal space and the vertical space Vj^ with respect to the normal 
Levi-Civita connection V^. Obviously C but in general we do not have 
jjM jjN injigeji^ an element ^ = {^h,^v) G TyvM is equal to {^h,iv — ^v£,h) as 
an element of TyTN, where A is the shape operator of M. 
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Wc have the isomorphism between TyTN and the vector space of Jacobi fields 
of N along 7^ mapping an element ^ G TyTN to the Jacobi field J = given 
by {J{t), J'{t)) = </>* (C/t) Ci;)) where </>* is the time t map of the geodesic flow (j) : 
RxTN ^ TN. The inverse map is given hy J ^ (J(0), J'(0)). The restriction of 
the first map to TyvM is an isomorphism onto the vector space Jm{v) of M- Jacobi 
fields along 7^ 

TyvM^JM{v); C^J^ with {JS)^Jiit)) = <ti{^h,^v-Ay^h)- 

The inverse map is given by J ( J(0), J'(0)^). The decomposition TyvM = 
© carries over to the decomposition of Jm{v) into a horizontal and a 
vertical subspace. We can describe a vertical/horizontal M-Jacobi field J with 
initial condition ^ G TyvM by a variational vector field. Define V{s, t) = ri{tX{s)), 
where X is a vector field along the constant curve c = x with ^|t=o = if •/ is 
vertical, and a parallel normal field along c in M with c(0) = if J is horizontal. 
Then J{t) = dsV{0,t). 

Definition 3.1. Let 93 : M ^ TV be an immersion, l : vM — > TN be the canonical 
inclusion. For x G M we call an isometric immersion ix : "Sx ^ N (or shorter Hx) 
with {ix)*{Tx^x) = L{t^xM) a section, if it is totally geodesic in and if T,x is 
complete. Note that if we compose ix with a covering onto S^:, we obtain another 
section. Since we want ix to be unambiguous, we also demand y = z whenever 
{ix)*{TyT,x) = {ix)*{T2T,x). The immersion (f : M ^ N is said to admit sections 
if T,x is a section for every x G M and if there is exactly one section of (p through 
every regular point of the normal exponential map, i.e. if p e ix{^x) H iyi^y) is 
regular then ix = iy o a for some isometry a : E^, ^ E^. 

In order to avoid a cumbersome notation, we use T,x and the term section in two 
different ways. When it comes to point sets, for instance, if we write p G E^,, we 
actually mean by E^, the image of the immersion ix- If we talk about tangent vectors 
or curves of Ej,, i.e., if the context is a topological or differentiable one, we are of 
course referring to the underlying manifold structure of the section. This distinction 
is particularly important here, since we allow E^, to have self-intersections. 

Lemma 3.2. Let j be a geodesic in a section E = E^, with 7(0) = p = ip{x). Then 
any Jacobi field in N along 7 can be decomposed into J = Ji + J2, where Ji is a 
Jacobi field of E and J2 is Jacobi field with J2{t) € T^(t)E-'- for every t. For an 
M- Jacobi field J this decomposition is exactly the one into vertical and horizontal 
M-Jacobi fields along 7. In particular we have J{t) _L T'.y(t)E for a horizontal 
M -Jacobi field J . 

Proof. We write Ji for the TE-part of J and J2 for the orthogonal part. 
Since E is totally geodesic, the curvature operator leaves T7(t)E invariant 

and therefore, as a self-adjoint operator, also the orthogonal complement T.y(t)E-'-, 
so Rj(^t)Ji{t) G ^7(t)^ ^ii'i R-y(t)J2{t) G r^,(()E-^ . On the other hand we have 
Ji{t) G r.y(t)E, since E is totally geodesic, and J2 (t) G r^(t)E-'- for all t, because 

of = £,g{J2{t), X{t)) = g{J2{t), X{t)) for any parallel field X of E along 7. The 
Jacobi identity for J gives 



= J?^(t) J(t) + J"{t) = {R^(t)Ji{t) + J'l{t)) + {R^(t)J2{t) + J'^{t)). 
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Since the term in the first bracket hes in r^(()I] and the term in the second in 
r^(t)S-'-, the vector fields Ji and J2 are also Jacobi fields. The second statement 
follows from the initial conditions (Ji(0), Jj'(O)^) of Ji for i = 1,2. □ 

The kernel of drj(v) consists of (J(0), J'(0)^), where J is an Af-Jacobi field along 
7„ with J(l) = 0. The decomposition J — Ji -\- J2 a& in the lemma then implies 
that ker(i?7(w) is a direct sum of a horizontal and a vertical subspace of T^vM and 
that the kernel of dri{v) only has a non-trivial vertical component if and only if 
rjiv) is a conjugate point of x along 7„ in T^^- Summing up, the decomposition of 
an M-Jacobi field J into J = J\ + J2 means that 

(3.1) dexp^(^;) eV;^ ^ T^(,)E^ 8 T^(,)S 

(J(0),J'(0)^) ^ Ji(l) + J2(l) 

splits as an orthogonal direct sum of linear maps —>■ T^(^)E-'- and —> 
T^(^)S. We call this splitting ofrj. 

Definition 3.3. We call a focal normal v of horizontal/vertical type if keTdi]{v) 
has a non-trivial horizontal/vertical component. If a normal vector v is not a focal 
normal of horizontal type we call v f -regular. A point p € N is called f -regular if 
there is an /-regular normal v such that ri{v) — p. For a normal vector v G we 
call the dimension of the horizontal factor of key dr]{v) the horizontal multiplicity of 
V. Note that we have slightly changed the definitions given in [Ew]. 

Definition 3.4. An immersion (p : M N has parallel focal structure, if 

(1) j/M is flat, 

(2) dim(kcr (ir7(w) n i?^) = dimker d{ri o v) is constant for any local parallel 
normal field v, i.e. the horizontal focal data is invariant under normal 
parallel translation, and 

(3) if admits sections. 

In contrast to [Ew] we do not demand the invariance of the vertical data. We 
will show in Proposition 4.22 that this second invariance is an implication. 

Example 3.5. Regular orbits of polar actions have parallel focal structure. Isopara- 
metric submanifolds in M"+*' and equifocal submanifolds in simply connected, com- 
pact symmetric spaces obviously fulfill conditions (1) and (2) of a submanifold. The 
existence of sections for both classes of submanifolds follows from the properties of 
the respective ambient space. Theorem 3.17 will show, that they admit sections if 
and only if the set of parallel manifolds builds a foliation on the regular set, which 
is known for both classes. 

We assume that (f admits sections and that vM is flat. We define two distribu- 
tions V and T>-^ on the set Nr of /-regular points in N by ^-^{p) = TpT,, where E is 
a section through p; let T? be the orthogonal distribution. The distribution I?^ and 
therefore T> are well-defined on the set of regular points, since M admits sections, 
but a priori not on the set of /-regular points. It is easy to see that both distribu- 
tions are integrablc on the regular set: Let p be a regular point and v G i^M with 
r]{v) = p. Recall that vM carries the horizontal foliation P given by normal paral- 
lelity, and the vertical foliation V-^ given by the fibers of the projection i/M — > M. 
Now let Uv be an open neighborhood of f G vM such that rj\Uv : Uy ^ V from 
onto its image F is a diffeomorphism. The map r]\Uv maps vertical leaves diffeo- 
morphically onto open subsets of sections. The splitting of 7/ says that dr] maps the 
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horizontal distribution on vM to V, i.e. dr}{v){TxM) — V{rj{v)). Since Uv is bifoli- 
atcd and r]\Uv is a difFeomorphism, V is also bifoliated with respect to V and . 
We want to show that both distributions are also differentiable and well-defined on 
the set Nr of /-regular points in N. Integrability is clear. 

Lemma 3.6. There is exactly one section E through a given f -regular point p and 
r]~^{p) only consists of f -regular vectors that are tangential to E. Moreover, Nr is 
open and dense in N and there is a unique differentiable extension of T>-^ on Nj. . 
The distributions V andV-^ give rise to a bifoliation (J>,.F^) of Nr. 

Proof. Existence follows by surjcctivity of 77. Wc show uniqueness. Let fo G 
i/^M be an /-regular vector with r]{vo) = p. Then there is a simply connected 
neighborhood U ofxinM such that {r]ov)\U : U Py^ = r]{U) is a diffeomorphism, 
where v is a. parallel normal field on U with = fo- We define T — tube{Py„,e) — 
{exp(^) I ^ e Bs{pPvo)}. By shrinking U we can assume that T is an injectivity 
tube around Py^ for small e > 0. Let p : T ^ P„q be the projection. We have 
T^(t,^)S2 _L Tr^(v^)Pva for every z G J7 by the splitting of rj. Therefore 0, slice of the 
tube T through r]{vz) G Py^ coincides with the component ofY^z^T containing r](vz). 
We can therefore extend V-^ difiFerentiably to T as the kernel of the differential of 
the submersion p. Since V-^ is defined on the open and dense set of regular points 
of N, this extension is the unique differentiable extension of . 

Let Wo G VyM be another /-regular vector with r]{wo) G T. The same process 
as for fo gives us a simply connected neighborhood U' oi y, a parallel normal field 
w extending wo, Pwo and its tube T' with the same properties. By eventually 
shrinking U' and the radius of T' we can assume T' C T. By the uniqueness of 
a differentiable extension of T>^ we conclude that the slices of T' are equal to the 
slices of T intersected with the open set T' . In particular, if 77(^0) = p this implies 
that uo and are tangential to the same section Y,^ = Y,y. Since wq is /-regular, 
rjow has maximal rank on a neighborhood of y. We can assume this neighborhood 
to be U' . Then Py,^ intersects the slices transversally, i.e. p o rj o w : U' ^ Py^ is a 
diffeomorphism onto its image (*). 

Wc have seen above that the /-regular vectors in ri~^{p) are tangential to the 
same section. Now we are going to show that any wq G uM with r]{wo) G T is 
/-regular. Then T n S is an open neighborhood of p in E only containing /-regular 
points. This implies that the set of /-regular points is open in N and that r]~^(p) 
only consists of /-regular vectors. We remark that this even shows that the /- 
regular points in a section E are open in E (see Corollary 3.7). Let wo € VyM 
with rjiwo) G T and U' a neighborhood of wq in lyM such that ri{U') C T. We 
want to show that wq is /-regular. We can locally define a parallel normal field w 
extending wq. Then there is a simply connected neighborhood U of y in M and 
an £ > such that the image of U under (1 + t)w lies in U' for all t G (0, e) and 
such that w'z is /-regular for every z € U, where w' = (1 -\-e)w. The geodesic Jw{z) 
intersects P(i+e)wo^ image of o w', orthogonally in 7^,(2) (1 -|- s) for all z G U 
by the splitting of 77 or the Gauss Lemma for the normal exponential map. Then 
the image of 7^, | [1, 1 -|- e] lies in a slice of the tube T. Therefore porjow = porjow' 
on U. Since the right side is a diffeomorphism (*) this implies that also r] ow has 
maximal rank. i.e. wq is /-regular. 

For any /-regular point p we obtain a neighborhood T as above that is bifoliated 
with respect to T> and V-^. □ 
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The lemma says that the preimage of a focal point ri{v), where w is a focal normal 
of horizontal type, only consists of focal normals of horizontal type. 

By the Theorem of Sard the set of regular points of t] is open and dense in N. 
Obviously the intersection of the set of regular points with E is open in E. It is a 
priori not clear that the set of regular points in E is dense in E. That this is true 
says the following corollary of the last lemma. 

Corollary 3.7. The subset of f -regular points in a section E is open and dense in 
E. 

Proof. We have seen in the proof of Lemma 3.6 that the subset of /-regular 
points in E is open in E. For the proof of density, see [To]. □ 

Now let ip be submanifold with parallel focal structure. Then every horizontal 
leaf Ly in vM through an /-regular vector v is contained in r]~^{Nj.). The map 
T] : Ly ^ My is a covering. Obviously My is open in a leaf. Using completeness 
of M one can easily sec that My is a leaf. The first statement of the following 
proposition follows from Lemma 3.6. 

Proposition 3.8. Let tp be a submanifold with parallel focal structure. Then the 
leaves of are the parallel manifolds and the leaves of the components of the 

restrictions of the sections to Nr . is a totally geodesic foliation and therefore 
« Riemannian foliation. Moreover, every parallel manifold has a flat normal 
bundle. 

Proof. The characterization of the leaves of J-r is given above, the one for leaves 
of is clear. By definition the sections are totally-geodesic, therefore is a 
totally geodesic foliation. Let us consider a bifoliation {Tx^T-i) of a Riemannian 
manifold, where the two foliations are orthogonal to each other. It is well-known 
that T\ is a Riemannian foliation if and only if Ti is a totally geodesic foliation. 
Let us consider this kind of bifoliation. Let L be a leaf of T\ and v € uL with 
footpoint p. We consider a plaque P through p of a neighborhood U oi p that is 
simple (or foliated) with respect to !Fi. There is a vector field U tangential to 
and foliated with respect to extending v. The restriction of this vector field to 
P is a parallel normal field of P. Therefore any leaf of J^i and in particular our 
parallel manifolds have a flat normal bundle. For more details see [To]. □ 

Let M be the normal holonomy principal bundle over M equipped with the 
metric such that the projection M ^ M becomes a Riemannian covering. Its 
normal bundle is globally flat and M M has the lowest degree among all coverings 
of M with this property. Each normal vector v of M canonically defines a global 
parallel normal field on M, denoted by v. We will denote the normal exponential 
map of M also by rj. Proposition 3.8 implies that (p and rj o v for /-regular v 
factorize through injective immersions, the first even through an injective isometric 
immersion. If is proper it factorizes finitely over an embedding; if in addition v 
is /-regular and has finite normal holonomy degree then r] o v : M —>■ N is also a 
proper immersion, since rj restricted to Br{i'M) = {w € vM \ \\w\\ < r} is proper 
for any r > 0. So from now on we can assume that ip is injective and the inclusion 
map of M into N. Let us repeat the definition of parallel and focal manifolds. 

Definition 3.9. Let Lp : M ^ N have parallel focal structure. We call rjov : M ^ 
N a focal submanifold of M if ti G i^M is a focal normal of horizontal type, a parallel 
submanifold, if v is /-regular. In any case we denote the image by My. 
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Let V be a focal normal of horizontal type. Since the map r] o v has constant 
rank, the set of connected components of preimages oi rjov defines a foliation (the 
focal foliation) by the rank theorem which gives us simple sets for this foliation. 
The leaf through x is called the focal leaf Fy^ through x associated to v (or to 
v^). If Q denotes the focal fohation, M/Q endowed with the quotient topology is 
not necessarily Hausdorff or second countable but carries a natural differentiable 
structure by Theorem VIII of [Pa] for which the map r] o v : M ^ N induces an 
immersion M/ Q —> N. Thus My is the image of an immersion. 

3.2. The Blow-Up (iV, J--^). Each parallel manifold has the same set of sec- 
tions as M and thus we have a splitting of its normal exponential map. By a similar 
argument as in Lemma 3.6, we can show that each parallel submanifold M' has the 
same set of /-regular points in N, namely N^, and therefore admits sections by 
Proposition 3.8. The restriction 77' |L of the normal exponential map rj' of a parallel 
manifold M' to a horizontal leaf L' of the flat bundle vM' through an /-regular 
vector is a covering map onto a leaf of !F. In order to show that M' has parallel focal 
structure it remains to show that 'r]'\L has constant rank, if L' is a horizontal leaf 
in vM' through a focal normal of horizontal type. We will see this in Proposition 
3.14. 

Our main goal in this section is to show first that T = {My \ v G vM} is a 
global foliation and then a singular Riemannian foliation. In this subsection we will 
associate to [N, J^) a certain foliated manifold (TV', JF). An analysis of this foliation 
will yield the results. Boualcm defines this Riemannian foliation T in [Bou] from a 
singular Riemannian foliation J^. Thus we cannot use his construction. Instead we 
build up P with the normal exponential map. 

For an /-regular point x G N \et rjx vM^ N he the normal exponential map 
of the leaf M^. We define 

fix : vMx Gk{TN);v T^^i^y^Y^y, 

where y is the footpoint of v. Note that S can have self-intersections in focal points 
of horizontal type. Therefore we only have a well-defined tangential space TpT, in 
/-regular points p, so our above definition of rjx is not precise. A correct definition is 
as follows. Let i : T,y ^ N he the unique section through y. We identify any z e Sy 
with its image i{z), if i{z) is /-regular. We define fjx{v) := i*(r^^(i)Sy) where 7„ 
is the geodesic in Sj, with initial vector v. Since this notation is too cumbersome, 
we prefer the first one, but we have to keep in mind that the expression T^(„)I]y 
depends on v and not only onr]{v). Let 

N = {TgS I S is a section, q G S}. 

and let it : N ^ N he the footpoint map of Gk{TN) restricted to N. Then we 

have N = fjx{vMx) for any /-regular point x E N since the set of sections of two 
different parallel manifolds coincide. Also note that rjx = o i)x Our next aim is to 
give a bifoliated manifold structure to N. The idea is to model N on the normal 
bundles of the parallel submanifolds, the charts being the maps fjx- The normal 
bundle vM has two natural, complemetary foliations V and V^, one given by the 
flat horizontal structure, the other by the fibers of the projection uM — > M. 

Let p G TV be arbitrary. We fix r > and take e' > to be smaller than the 
injectivity radius of any point q G B^ip) in N . There is an /-regular point x and 
a vector v G Vx^x with 'qxiv) = p that is not a focal normal of vertical type. One 
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can see that dfix{'w)\'H^^ is injcctive for any w € vMx- Therefore fjx has maximal 
rank on a neighborhood of even if u is a focal normal of horizontal type. This 
means there is a neighborhood U oi v va vM^ such that f]x\U : U Gk{TN) is 
an embedding into Gk{TN) and such that the footpoint set V oi V := fjxiU) is 
contained in B^f {p). We take a ball neighborhood P of a; in and a neighborhood 
Uq of V in VxMx such that (/): P x Uq —>■ U; {y,w) Wy is an injective immersion 
into U, where Wy is the normal parallel displacement of w to y. We reduce U to the 
image of 4> so that (j) becomes a diffeomorphism onto U. We choose an /-regular 
point p' in _B^°=(p), such that p G Bf^{p') for some e with < £ < e'. The map 
rix\(l>{{y} X Uq) is a diffeomorphism onto its image Vy for any y e L by choice of U 
(note that U does not contain any focal normals of vertical type). We shrink Uq 
such that this map is a diffeomorphism onto Vx = Bf'={p') for y = x. 

Lemma 3.10. The map oiy : Vx ^ yyWxivx) ^ Vx{vy) is an isometry, where 
Vx & Uq and Vy is the normal parallel displacement of Vx to y £ P. 

Proof. The set K =VriNr is open and dense in V and Ur = r]~^{Vr), saturated 
by leaves of the shape P x {w},w G Uq, is open and dense in U. We consider the 
diffeomorphism rj : Ur Vr- The bifoliation on Ur is mapped to the bifoliation 
{J^r, J^r) restricted to K-. A normal foliated field on Ur maps to a normal foliated 
field on Vr- This is a parallel normal field when restricted to the plaques of .7v|V^. 
Moreover, any such parallel normal field along a regular plaque is given this way. If 
w G f/o is /-regular, = r]{(i){Py.{w})) and X is a parallel normal field onP^, then 
||K),X(r/H)|| = \\X{ay{r^{w)))\\ = \\X{7i{w))\\. It follows that : VxC^Nr^Vy 
is a local isometry. AsVxf^Nj. is open and dense in 14 , a^, : 14 — > is an isometry. 
□ 

There is exactly one v' G Uq with r]{v') = p'. Let P' := r]x{<p{P x {«'})). We 

define the diffeomorphism h : P ^ P'^y '—>' Vx{4'{yi^'))- Similarly as for U we 
have a natural diffeomorphism (p' : P' x Uq ^ B^iyP'). By the splitting of r]x, 
"Hxi^iVi'v')) = ^h(y)P' ■ The map r^pi : Bs{vqP') Be "(q) is a diffeomorphism for 
any q e P' hy the choice of e and B^'''-^^ {h{y)) = Vy for any y € P. Then fjp' o 
{(j)'{{h{y)} X Uq)) is equal to the transversal plaque Vy for any y G P (*). Moreover, 
the map k : Uq ^ Uq defined by k{w) = {Vp'\4^' {{p'} x UQ))~^{r]x{4>{x,w))) is a 
diffeomorphism. Now let w G Uq he an arbitrary /-regular vector and u = k{w) € 
Uq. We extend w and u to parallel normal fields on P respectively P'. The images 
of r]x ow and rjp' o u lie in the same plaque of J> 1 14 by the splitting of rjx and rjpi . 
As n is injective on 7r~^(A4), the image of fjpi o u lies in the plaque fjx{^{P x {w})) 
in V. Together with (*) we have fj o w = fjp' o u o h on P. By continuity we have 

fix o (l){y, w) = fjp' o (t){h{y), k{w)) 

for any y £ P and w € Uq. 

So far we have the following. Given any fc-plane ^ G iV, any normal vector v 
of a parallel manifold Mx (where x is the footpoint of v) with fjx{v) = that is 
not a focal normal of vertical type, defines as above a neighborhood 1^ of ^. A 
chart is given hy f/x ■ U ^ V. The discussion above implies that any two chart 
domains V intersect in open subsets of each other. So the union of topologies on 
the various neighborhoods V forms a basis for the topology on TV', and TV" is a 
topological manifold. In addition we see that the change of coordinates {h, k) is 
differentiable, so N carries a differentiable structure. Since fix is also differentiable 
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as a map into Gk {TN) , the differentiable structure is the unique one for which the 
inclusion N — > Gh{TN) is an immersion. Moreover, the chart fjx ■ U ^ V induces 
two foliations on V that are complementary to each other. The leaves of the first 
are given by fix{(p{P x {*}))) the second by ftxi^Pii*} ^ Uq)). A look at the change of 
coordinates {h, k) reveals that these local foliations coincide on intersections. This 
gives us a (vertical) foliation IF and a complementary (horizontal) foliation p-^ on 
N. We will state this result in the next proposition. 

Since we have not yet defined a metric on TV, the denotation of JF^ has to 
be justified. The Grassmann bundle carries a canonical metric (see appendix in 
[To]) for which the projection Gj.(TN) N \s & Riemannian submersion, and the 
horizontal distribution of this bundle is given as follows. Let ^ e Gk{TN) be a 
/c-planc through a point p E N spanned by an orthonormal fc- frame (fi, . . . ,Vk). 
Then the horizontal lift c of a curve c in iV with c(0) = p to ^ is given by 

c(i) = span|(||c)wi, . . . , (||c)wfeV 
•-0 

In particular, the tangent bundle TS of a totally geodesic submanifold S of A'' is 

horizontal with respect to the projection Gk(TN) N . We denote the pullback 
of this metric under /, by g. Note that 7r|TS : TS ^ E is then an isoinctry. 

Proposition 3.11. N carries a natural differentiable structure, for which the inclu- 
sion into Gk{TN) is an immersion. Moreover N has a natural Riemannian/ totally 
geodesic bifoliation with respect to the pullback metric g of N in Gk{TN). 

We have 

= {TS \T, is a section of M}. 

This proposition is a strengthening of Boualem's result in [Bou] . He states it for 
some differentiable structure and some metric on N. We prove it for the natural 
differentiable structure and metric g. Moreover we do not need that the leaves are 
relatively compact. We will call {N,F,F^) the blow-up of {N,F), when we have 
established that .F is a singular Riemannian foliation. 

Proof. The statements about the differentiable structure and the existence of 
the bifoliation were derived above. The description of JF-"- is clear. We only have to 
show orthogonality. Then, since the leaves of F^ are totally geodesic, the duality 
implies that F" is a Riemannian foliation. We consider a chart fjx '■ U ^ V. For 

V € U with footpoint x and a horizontal vector X £ TyU and a vertical vector 

Y € TyU. We have 

g{dfiiv)X,dfiiv)Y)) ^ g{dr,{v)X,dviv)Y)) = 0. 

The first equality is valid because dfi{v)Y e Tf^^^-^TT, is horizontal for it : Gk{TN) 
N, ■kof] ~ rj and because tt is a Riemannian submersion. The second equality follows 
from drj{v)Y £ Tj^i^y-^Hx and drj{v)X ± T^j^^Sa; by the splitting of 77. This implies 
that jF-^ is the orthogonal foliation to F with respect to g. □ 

Definition 3.12. Let Ti be a partition of Ni for 1 = 1,2 into injcctively immersed 
submanifolds. A map / : (iVi,F'i) — > {N2,F2) is foliated, if it maps each element 
of Fi onto an element of ^2- 

From the discussion before Proposition 3.11 we have the following: 
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Lemma 3.13. For an f -regular point x the map fjx '■ vMx N is foliated with 
respect to the natural bifoliation {P,V-^) on vM^ and {jF,T-^) on N. □ 

Proposition 3.14 (Stability). If M has parallel focal structure, so has every par- 
allel manifold My . If M is properly immersed ( therefore embedded) and has finite 
normal holonomy, so does every parallel manifold. 

Proof. Let i bo a loaf of T in TV. Wo claim that c(L) kcr d{n\L)(X) does not 
depend on the choice oi X E L. Let x bo /-regular and v G i^Mx with t]{v) S L. 
Then the image oi fjx ° v is L, because rjx is foliated. We know that fjx o v has 
maximal rank. We consider the formula rjxov = {tt\L) ofjxov. For x G M, the map 
r]x o V = r] o V has constant rank by assumption, so c{L) is independent of X G L 
and equal to the horizontal multiplicity of v. Conversely, the formula now implies 
that rjxOv has constant rank for an arbitrary /-regular point x and v € Vx^x with 
flx{v) G L. It follows that Mx has parallel focal structure. 

Since 'i]\Br{i'M) is proper for any r > and M has finite normal holonomy, each 
parallel manifold is properly immersed. Being leaves (Proposition 3.8) they are 
embedded. It remains to show that every parallel manifold of M has finite normal 
holonomy. Let Mx be the parallel submanifold through a point x and Vx be the 
normal holonomy group of Mx in x, acting on Vx^x- Since the parallel manifolds 
are closed and embedded, the orbits of Vx are discrete and compact, thus finite. 
By linearity Tx is finite. □ 

Ewert states this result in Proposition 2.9 in [Ew], but his proof is not correct. In 
the fourth last line of p. 20 he writes that (1, •, t) is a parallel normal field along 
the focal submanifold through 0, t). This is not true. He refers to Proposition 
2.4, [Ew], which is not correct if M^ is a focal submanifold; take a; := ^; o c for 
instance. 

We define Mx = Tt~'^{Mx) for /-regular x e N. Note that tt : w~'^{Nr) Nr is 
a foliated isomorphism. If we already knew that = {My \ v G I'M} is a global 
foliation we would have that tt : (N, T) — !■ (TV, J^) is foliated. Later we prove that 
Mx is connected also for the endpoint a; of a focal normal of horizontal type. This 
will show that .F is a global foliation. 

3.3. Global Foliation. We know that the parallel submanifolds are injectively 

immersed and orthogonal to the sections in each point of intersection. So far this 
is not clear for the focal submanifolds. This means that neither TpMy nor VpMy 
is defined for p e M„ c N. Let v G UxM be a focal normal of horizontal type 
and p = ri{v). Let F = Fy,^ be the focal leaf associated to v containing x. Define 
Fl = v{F) and W = {d{ri o v){x){TxM))-^ . Up to this point we have not assumed 
properness of ip. 

Lemma 3.15. Let tp : M ^ N be a proper immersion with parallel focal structure 
and finite norm,al holonomy. Let v G UxM be a focal normal of horizontal type, 

p = rj{v) and x f -regular. Then y^y^pflxivy) = W . 

Proof. First we prove the inclusion from left to right. The rank theorem 
states that we can write rj ov M ^ N locally in coordinates as (a;i, . . . , Xn) i— > 
(xi, .... .T„_^(^^^), 0, . . . , 0), where fi{v) is the horizontal multiplicity of v. Since the 
focal leaf F is compact, we find a neighborhood U of F that is saturated by fo- 
cal leaves such that r] o v -. U ^ P is a fibration onto its image P C My. In 
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particular {d{ri o v){y){TyM))^ — W for every y ^ F. The splitting of 77 implies 
Ay := fj{vy) C W for every y G F. 

Now \etw<=W be arbitrary. We look ior ay € F such that w G Ay. F' = v{F) is 
compact since rj\Br{vM) is proper for any r > and Lp has finite normal holonomy. 
The time one map (t>^ of the geodesic flow maps F' diffeomorphically onto a compact 
submanifold F^ of W . Therefore we find a shortest ray 7 in from F^ to w. 
Then 7 is orthogonal to F^ in some point v' := y € F. As we will soon 

see Tyi{Ay) = I'v'F^ in (wc; have Ay C H^), which implies that 7 and therefore 
w lies in Ay. We want to show Tyi{Ay) = VyiF^. First we prove Ty/{Ay) c i/y'F^. 
We have 

Ty,F' = {{0,J'^{l))\^eTy^F'}, 

where, because consists of elements dct)Hvy)^ = (J^(l), .7^(1)) = (0, J^(l)) 

for ^ G Tc^i^'. This implies T,,,F^ C T^.-TpA^ = Vj. Since ^ is horizontal, J^{t) 
is orthogonal to T^.^i^t^Tiy — Ay by the sphtting of rj. So r„'(Ay) ± Ty'F^ also in 

Ty'TpN = for the Sasaki metric, hence Tyi{Ay) c z^v'-F^, where we consider 
F^ as a submanifold of VF. Since dimF'^ = dimF = ^i{v) and dim = + fc, 
where /x(i') is the horizontal multiplicity of v and k the codimension of M, we have 
Tyi{Ay) = Vy'F^ hj BquaUty of dimensions. □ 

Let X be /-regular, r] = r]x, M = M^. 

Lemma 3.16. Let v G be a focal norm,al of horizontal type that is not of 

vertical type. Then there is a neighborhood O of x that is saturated by focal leaves 
of V, a relatively compact set P, e > 0, a neighborhood Uo of Vx € such that 

(1) rjov : O ^ P is a surjective trivial fibration whose fibers are the focal leaves, 
i.e. the trivialization has the shape O = Fy x P. 

(2) The map fj : O x Uq ^ T{P, e); {y, Wx) 1-^ vi'^^y) onto the tube T{P, e). 

(3) Fyj^ C Fy^ for any {y,Wx) & O x Uq. This means that the focal foliation 
given by rjow is finer than the focal foliation given by r] ov. 

(4) Each section through a point q € T also contains the unique point p' in P 
thai is in the same slice as q. 

(5) Let p G P and, Sp he the slice in T through p. Then Sq C Sp for any q G Sp. 

Proof. Any normal parallel translation v' of v with footpoint y has the same 
multiplicity for exp^" as v for exp^"' as a consequence of Lemma 3.10. Thus v' 
is not a focal normal of vertical type. As before there is a neighborhood O of the 
focal leaf F saturated by focal leaves and a neighborhood Uq of v in fxM such 
that T] ov\0 is a fibration onto its image P, which we can assume to be relatively 
compact, with typical fiber F and such that ?70(/):OxJ7o^^isa diffeomorphism 
onto its image, where (p : O xUq ^ vM; {y, w) ^ Wy. In particular o (/)| ({y} x Uq) 
is a chart for T. Let e > be smaller than the injectivity radius iN^q) in N for all 
q € P. Shrinking Uq we can then assume that rj o <?i)|({y} x Uq) is a diffeomorphism 
onto its image Vy for any y G F. We can also assume that Vx is the image of the 
e-ball in fi{vx) C TpN around the origin under exp (if E had no self-intersections 
we would write Vx = Bf''{p)). By Lemma 3.10, ay : Vx ^ Vy is an isometry. As 
V ° 4'{y> ■ ) = ciy^fjo (j){x, ■ ) we have that rj o (j){{y} x Uo) = is the image of the 
e-ball in fi{vy) C TpN around the origin under exp. Then r] o cj) : O x Uq ^ T is 
surjective because the slice Sq of P in T through q G P is equal to 

Sq = \ \{Vy I y is in the focal leaf associated to v through y} 
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for any q E P hy Lemma 3.15. 

Lot y E O and u E Uq he arbitrary. Let F' = Fu^ be the foeal leaf associated 
to u through y. Let q = r]{uy) and p' = r]{vy) E P. We want to show that F' is 
contained in the focal leaf F associated to v through y. This is clear if u is /-regular. 
We assume that u is a focal normal of horizontal type. Obviously Vy contains p' 
and q. There is a vector w E fjivy) C Pp'P of length smaller than e with endpoint 
q. For z E U we define Wz = daz{p')w, where az : Vy ^ Vz as above but with 
central point p' instead of p. The endpoint (g) of Wz is still in T{P, e) because 
\\wz\\ = \\w\\ < e for all z E O. For dXl z E F' C O we have q = r]{uz) = Oiz{q), thus 
Wz = w since w is unique among the vectors of vP of length smaller than e with 
endpoint q E T. Therefore ijivz) = Cizip') = p' for all z E F' , so F' C F^,^. (In 
other words, the foliation of focal leaves given by 77 o u is finer than the foliation of 
focal leaves given by 77 o «.) Therefore 

S,<^ {JVy^yj Vy=Sp,. 
yeF' veF 

□ 

We can deduce that the set 7r~^{p) of tangential spaces in p of sections through 
p is equal to fj{Fl), where r]{v) = p. To see this let X E Tr^^{p). Let Y be the 
image of a small ball in X around the origin, such that Y c T{P, s). Assume that 
X is not contained in W ~ [JyepVi^y)- Then there is an /-regular point z E Y 
that lies in a slice Sq for q E P\{p}. Since there is only one section through an 
/-regular point, Y has to lie in Sq and thus cannot contain p, contradiction. Now 
we will show in the following theorem that M„ is embedded with the help of the 
blow-up. 

Compare the first of following statements with the weaker result of Corollary 
2.14 in [Ew]. That corollary is based on Lemma 2.13, [Ew] which is not proved 
correctly (see the first sentence of the proof). 

Theorem 3.17. If (p : M N is a proper immersion with parallel focal structure 
and finite normal holonomy, then T = {M„ | v E vM} is a transnormal global 
foliation and the leaves of T are closed, embedded and orthogonal to each section 
they meet. Moreover, T is a singular Riemannian foliation admitting sections. 

Proof. Assume r]{v) = r]{w) =: p for v,w E vM . We have to show M„ = M^^- 
If p is /-regular, then v and w are tangential to the same section by Lemma 3.6, 
so fi{v) = fj{w). By Proposition 3.13 it follows fj o v{M) = fj o w{M) and therefore 
My = Mm because tt o fj = rj. Now let p be a focal point of horizontal type. It is 
possible that ■q{v) ^ fj{w). Both elements lie in tt^^{p) = Uj/eF^(^!/)- Therefore 
there is a normal parallel translation v' of v with fj{v') = fj{w). As above we 
conclude M^. = My' = Af,^,, so T is a global foliation. 

We already know that the parallel submanifolds are closed and embedded by 
Proposition 3.14. Now we consider My, where is a focal normal of horizontal 
type, and p E My arbitrary. Assume ri{v) = ri{w) for v,w E I'M with footpoint 
X, y. Then by Lemma 3.16 we find neighborhoods Oi, O2 of x, y that are saturated 
with focal leaves ior rj ov respectively r] ow such that fj ov\Oi and r] oiu\02 have 
the same image. Then rj o v and r) o w have the same image. As rj o v : M —>■ N 
is proper. My is closed and embedded. Now i^My is well-defined for any p E My. 
The previous discussion showed that UpMy is the union of all TpS, where S is a 
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section through p. This implies that also a focal submanifold intersects each section 
it meets orthogonally. This also implies that J-' is transnormal. 

To prove that ^ is a singular Riemannian foliation, it remains to show that S(J^) 
acts transitively at a given point p. This is clear for /-regular p € N, since the set 
of /-regular points A^^ is foliated by J>. Therefore we can assume that p is a focal 
point of horizontal type of M and v G i^xM with t]{v) = p. We assume that v is 
not a focal normal of vertical type, otherwise we replace M by a parallel manifold. 
Now we use the same objects as in Lemma 3.16. We want to define a distribution 
V of dimension dimP on T = T(P,e) such that V'{q) C TgMg. Let g G T be 
arbitrary. Let Sq be a slice of Mq through q. Then there is a unique point p' € P 
such that the slice Sp' of T through p' contains q. We define 'D'{q) = TqSp. Since 
the distribution tangential to the slices is differentiablc so is V . Since Sq C Spi by 
Lemma 3.16, we have ^'{q) C TqMq. Thus, for any p E P and Xq G TpP there is 
a vector field X of V in T extending Xo . If / : ^ M is a bump function with 
support in U and f{p) = 1 then fX G with {fX)p = Xq. Since p and Xq 

were arbitrary, acts transitively on TJ-. □ 

We can now exploit the theory of singular Riemannian foliations for submanifolds 
with parallel focal structure. Implications will be given in the next section. The 
converse was proven in [A]. We give a different proof in the next section, see 
Theorem 4.3. 

Remark 3.18. Due to Lemma 3.13 ij : {vM,P,P^) {N,T,T^) is foliated. Since 
^ is a global foliation, 77 : {vM^V) is fohated, and then, because of 

r] = w of], also rt : {N, T) — >■ {N, J^). Each parallel submanifold has the same focal 
submanifolds by the theorem. 

A focal point of horizontal type of M is also a focal point with the same horizontal 
multiplicity of any other parallel submanifold of M and vice versa. For a focal 
normal v of horizontal type ij o v : M My is locally trivial fibration by Lemma 
3.16, and so is the restriction of tt to Mp for a focal point p of horizontal type. 

The starting point of our work was the question, under which conditions a sub- 
manifold M in A" with minimal conditions (1) and (2) stated in the introduction 
induces a global foliation by parallel and focal submanifolds. For such a subman- 
ifold M that has in addition sections Ex for every a; G M a necessary and sufficient 
condition to induce a global foliation is that M admits sections. Sufficiency is pro- 
vided by Theorem 3.17. Necessity is clear. Otherwise there is a regular point p and 
two sections Si and E2 with TpSi =/= TpY,2- Then there are two parallel manifolds 
with TpM„, _L TpSj (i = 1,2), thus TpM^^ ^ TpM^^, contradicting that M 
induces a global foliation. 

We call the elements of J- leaves. A leaf is called regular if its dimension is 
maximal in J^, otherwise singular. A regular leaf with non-trivial normal holonomy 
is called exceptional. 

A point in A^ is /-regular if and only if it is contained in a regular leaf of J^. 
This justifies the denotation: the / in /-regular stands for foliation. 

4. Singular Riemannian Foliations 

4.1. Parallel Focal Structure of Regular Leaves. Let be a singular Rie- 
mannian foliation admitting sections of a complete Riemannian manifold N . (For 
an introduction to singular Riemannian foliations, see section 6 in [Mo]) Let M be 
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a regular leaf and 77 : vM — > TV be its normal exponential map. We recall that a 
foliated vector field normal to the foliation on a simple neighborhood of a regular 
point (for T) are parallel normal fields when restricted to the (regular) leaves. We 
can derive that vM is flat. Therefore vM is endowed with a natural foliation of 
horizontal leaves. The existence of sections implies the splitting of 77. Therefore we 
can speak of /-regular points and vectors and of focal normals of horizontal/vertical 
type. From [Mo] we know that the stratum of regular points is open and dense in 
N . The following lemma is not difficult to prove. The second statement follows 
from the first with Corollary 3.7. 

Lemma 4.1 ([To]). A point of N is T-regular if and only if it is f -regular. In 
particular the subset of T -regular points in a section is open and dense. □ 

Hence a regular leaf M admits sections in the sense of section 3. 

Proposition 4.2. The map 77 : uM N is foliated and the restriction of r] to a 
horizontal leaf in uM has constant rank. 

Proof. Let v G vM with endpoint p and footpoint x. We define 

Z = {w &Ly I r]{w) e Mp}, 

where is the horizontal leaf of lyM through v. Wc want to show that Z is 
open and closed in Ly and therefore equal to Ly by connectivity. Let w ^ Z with 
footpoint y and q = r]{w). Let Pq be a relatively compact open neighborhood 
of q in Mq and let T be an injcctivity tube around Py (which is a distinguished 
neighborhood of Pq in the sense of 6.2 in [Mo]). Since S(^) acts transitively on 
TJ^ we can assume that each plaque in T intersects each slice of T and always 
transvcrsally. Thus the restriction of the projection p : T ^ Pq to an arbitrary 
plaque in T is a surjective submersion. We choose a positive number t < 1 such 
that tv is /-regular and 'y^ | [t, 1] lies in T. We see that 'y^ intersects Pq orthogonally 
for t = 1 since T is transnormal and 7,,, ] [t, 1] lies in the slice of T through q. The loaf 
Mfy is regular by the previous lemma. Let L' = i(i_f)0t(w) be the horizontal leaf in 
uMty containing (1 — t)(j)*{v). Observe that the map a : Ly ^ L';^ 1-^ {1 — t)^*(^) 
is a diffeomorphism and that rj^lLy = {rj^(tV) ° o;)\Ly. This means that we can 
replace M by M^y for our considerations and assume that 7^|[0, 1] is contained 
in a slice of T, so in particular the footpoint y of w lies in T. Let Py be the 
connected component of Aly in T containing y. Wc define the function r : T\Pq R 
measuring the distance to Pq and let X = — grad r be the negative of the radial 
vector field. Then w = \\w\\Xy. Note that X\Py is a normal vector field of Py. 
The flow of X is a family of homothctics in T centered at Pq which respects the 
singular Riemannian foliation by the Homothety Lemma (see Lemma 6.2 in [Mo]). 
Due to Proposition 2.2 in [Mo] X is a foliated vector field on a neighborhood of 
Py in T. Thus X\Py is a normal parallel field of Py and the image of Py under 
X is an open subset of the horizontal leaf Ly in vM^ containing w. We want to 
show that (77 o (||w||X))|Py = p\Py which implies that Z is open in Ly. But this 
follows from the observation that (f)x{t,z) = 7x^(i) for t G [0, \\w\\) and z & Px 
where i^x is the flow of X; note that ||ui|] is the distance of Py and Pq. We remark 
that this implies that r]\Ly has constant rank and its image is open in Mp. Now let 
w ^ Z with footpoint y and endpoint q. By assumption q ^ Mp. As above we show 
that an open neighborhood of w in Ly is mapped to Mq which is disjoint to Mp by 
definition of J^. Therefore the complement of Z is also open. Thus ri{Ly) c Mp. 
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Wc will now show 'i]{Lv) = Mp. We have seen above that ri(Lv) is open in Mp. It 
suffices to show that ri{Lv) is also closed in Mp. Let q be an arbitrary point on the 
boundary of r]{Ly) in Mp. We have to show q G r]{Ly). There is an injectivity tube 
T of some open neighborhood Pq of q in Mq. As S(jr) acts transitively on TJ^, we 
can assume that any plaque in T meets any slice of Pq, and always transversally. 
Now there is a w £ Ly such that G Pq. As above we can assume that the 
footpoint y of ui is contained in T. Then we define X = — gradr on T\Pq and we 
have w = \\w\\Xy. The endpoint of for y' G Py is the unique point in the 

intersection of Pq and the slice of Pq containing y' . Since Pyi meets any slice of Pq, 
in particular the slice through q, we have q G ri{Ly) and ri{Ly) = Mp. □ 

As a direct consequence of the lemma we obtain the following theorem of M. 
Alexandrino. 

Theorem 4.3 ([A]). A regular leaf of a singular Riemannian foliation admitting 
sections of a complete Riemannian manifold has parallel focal structure. □ 

Remark 4.4. Let M be a regular leaf and v G uM with footpoint x and singular 
endpoint p. We want to sec that there is a compact submanifold F C M of 
dimension equal to the horizontal multiplicity of v to which we can extend v to 
a parallel normal field such that image of 77 o w is p. As above we can assume that 
X is contained in an injectivity tube T of a relatively compact singular plaque Pp 
and that : [0, 1] ^ A'^ is the minimal normal geodesic from x to p. Let be a 
connected component of the intersection of a regular leaf M with the slice through 
p containing x. As in the proof of Lemma 4.2, v can be extended to a parallel 
normal field on a neighborhood of F which coincides with the restriction of a radial 
field up to a scalar. The image of r] o v\F is p and the corresponding focal leaf in 
M covers F. We call F focal leaf in M. 

The following is a slice theorem for singular Riemannian foliations admitting 

sections. 

Theorem 4.5 ([A]). Let !F be a singular Riemannian foliation admitting sections 
of a complete Riemannian manifold N . Letp G N, Bs{Op) be the ball of Op in VpMp 
for a. sm,a,ll radius e and, Sp = cxp-^{B^{Op)). Then the restriction T\Sp is a singular 
Riemannian foliation admitting sections that is isomorphic to the restriction of an 
isoparametric partition T' of to a ball neighborhood of the origin with the same 
codimension. This isomorphism is given by exp-*- : ^^(Op) — > Sp, and it maps fiat 
sections of T' to sections of T restricted to Sp. □ 

An isoparametric partition is invariant under homotheties, i.e. maps h\ : 
W^;x Xx, where A G R. Therefore one can recover the isoparametric partition 
from its restriction to an open neighborhood of the origin. An isoparametric family 
of submanifolds of R™ is given as the level sets of a transnormal map. Therefore the 
isoparametric family in R"* and J^\Sq are proper singular Riemannian foliations, 
i.e., its leaves are closed and embedded. 

4.2. Transversal Holonomy. Let {N,!F) be as in the previous section. Then by 
Theorem 4.3 and section 3 

N := {TpS \pGN,T,isa section of through p} 
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carries the unique differentiable structure for which the inclusion N — > Gk{TN) 
is an immersion (see Proposition 3.11). Moreover, N, endowed with the pull-back 
metric, carries by a Riemannian/totally geodesic bifoliation where 

^-L = {TS I S is a section of T}. 

Wc call !F vertical and horizontal foliation. Since f] is foliated by Lemma 3.13 
and r] by Lemma 4.2, so is the footpoint map tt : {N,T) — » {N,J^) because of 
ri = Ttofj. The same arguments for "P-*- and J^-^ show that it maps a horizontal leaf 
TT, to the section E. Here by S wc mean the submanifold and not its image, which 
can have self-intersections in singular points. When we introduced the metric g on 
N in subsection 3.2, we noticed that it : TS — » S is an isometry. 

The discussion shows that M = Tt^^{M) is a Iciaf of ^ for regular M, and a 
union of leaves if M is singular. Let M be singular. Now we want to see that M is 
also connected. In subsection 3.3 we used properness and finite normal holonomy 
assumptions on the submanifold with parallel focal structure to prove this (see the 
paragraph before Theorem 3.17). If a partition is already given, in our case J^, 
then these conditions are not necessary. Let p in M. By definition it~^{p) is the 
set of tangential spaces in p of sections through p. It suffices to show that this 
set is contained in one leaf of Let Sp be a slice through p. The corresponding 
isoparametric partition of VpMp given by Theorem 4.5 has closed and embedded 
regular leaves with parallel focal structure and finite normal holonomy. Let L be 
a regular leaf of this isoparametric partition. Now Proposition 3.15 describes the 
set of sections through p as the image of a focal leaf associated to v under f]ov for 
some V £ vL, so it~^{p) is contained in one leaf. This means Mp := Tt~^{Mp) is a 
leaf. Therefore 

T={Tt-\M) I MeJ^}. 

For a curve r : [0, 1] ^ A'' in a regular leaf of and a curve a : [0, 1] ^ A'' in a 
section, both starting in an .F- regular point, we define the lifts T{t) := T^^f^H^^f^ 
and a{t) := T^(^t)^cr{o)- Obviously it or = t and it o a = a. 

Lemma 4.6. Let xq be J- -regular, let r : [0, 1] N he a curve in M:c„ and 
a : [0, 1] ^ be a curve in E^o with r(0) = a{0) — xq- Then there is a unique 
continuous map H = i?(r,(7) : [0, 1] x [0, 1] ^ A'' with 

(1) H{-,0) = r, 

(2) H{0, ■)=a, 

(3) H{ ■ ,t) is contained in a leaf of T , 

(4) H{s, ■ ) is contained in a section. 

Proof. First assume that is a (regular) Ricmannian foliation admitting sec- 
tions. The set of sections forms a totally geodesic foliation orthogonal to J^. In this 
case the statements are due to Corollary 2.7 of [BHl], which is based on Lemma 
2.6. Note that for the proof of the latter one can drop completeness of A^ and 
assume completeness of the horizontal leaves, the sections, instead. In particular 
the statements are valid for {^,!F-^). 

Now let .7^ be a singular Ricmannian foliation with sections. Existence follows 
by H{T,a) := TT o -f^(f,d-)) where H(f,a) is defined as in the lemma for the bifoliation 
of N. We want to show uniqueness of H^^^^^y Let H be arbitrary with 
the four properties in the lemma. We define H{s,t) := TH(s,t)'^T{s)- Obviously 
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H{s, ■ ) lies in the horizontal leaf TSt-(s). The curve H{ ■ ,t) — n o H[ ■ , t) lies in 
the leaf ^/^(t) by assumption. By the discussion at the beginning of this section, 

TT^^ (Afcr(()) is a l(!af of Therefore H{-,t) is contained in a vertical leaf. By 
uniqueness we have H = -ff(f ,a-) and therefore H ^ ft o is also determined. □ 

A continuous map H : [0, 1] x [0, 1] — » N, such that H{- ,t) is vertical for any t 
and H{s, • ) is horizontal for any s, is called rectangle with initial vertical/horizontal 
curve H{ ■ ,0)/ H{0, •). terminal vertical/horizontal curve H{ ■ ,1)/ H{1, •) and di- 
agonal t H{t,t). We write T„t = and T^-a = H(^^^^^{1, •). For a 
vertical curve r in a leaf M € respectively a horizontal curve cr in a section S 
we write [t] respectively [cr] for the equivalence class of curves under homotopy 
in M respectively E fixing endpoints. Then [T^t] and [T^cr] only depend on [r] 
and [cr]. We remark that for any curve /x : [0, 1] N we find a unique rectan- 
gle H : [0, 1] X [0, 1] ^ with diagonal /i. We write respectively /i^ for the 
initial vertical respectively horizontal curve of H and /z" respectively /x'* for the 
terminal vertical respectively horizontal curve of H. In the sequel we make the 
following convention: We write ff(T,o-) for rectangles in N and, as in the proof of 
Lemma 4.6, H{f,a) for rectangles in N with respect to the bifoliation (T, T^). Then 
= TT o i?(f 8.S in the proof. 

We recall that the universal cover M of a manifold M is equal to the set of 
equivalence classes of curves starting from a fixed point xq, where the equivalence is 

given by homotopy fixing endpoints; in some cases we write more precisely (Af, xq). 
The covering map M — > Af is given by [cr] i— > cr(l). Let xq be arbitrary and let 
M G the leaf through xq and S the section through xq. Then 

M = {[r] I T is vertical and t(0) = xq} 
^ = {M I ^ is horizontal and (t(0) = xq} 
^ — {[a*] I M is a curve in N and /i(0) = xq}, 

where N denotes the universal covering of N and xq is identified with its lift Tx„ Eaj^ . 
The manifold N is endowed with the pull-back bifoliation of the covering N ^ N 
and M X S carries a natural bifoliation. Due to [BH2] the map $ : M x S — > 
N; ([r], [cr]) 1-^- [t I— > H(^f^^'){t,t)] (the diagonal) is a bifoliated diffeomorphism (i.e. 
foliated with respect to both pairs of foliations) with inverse map [/x] ([Mw]j [l-^h]) 
(see [To] for details). Consequently 

^ :M xt N 

{[r],[a]) ^ %,^)(1,1) 

is a bifoliated universal covering map of N. We define 

V' : M X S ^ N 

{[r],[a]) ^ H^rM^,l). 

By definition 

Since the footpoint map tt : (TV, (N, is foliated and maps a horizontal leaf 

TS isometrically to the corresponding section S, it follows that t^) is foliated and 
maps horizontal leaves onto sections. We sum up: 
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Proposition 4.7. The map \1/ is the universal covering map, and it is foliated with 
respect to the natural bifoliation ofMxT, and to (TV; j^, j^^). The map V' is foliated 

with respect to the vertical foliation on M x Y, and (N, J^) and its restriction to a 
horizontal leaf is a Riemannian covering to a section. □ 

Remark 4.8. The map completely describes the singular Riemannian foliation T 
of N. The singular values of -0 are exactly the singularities of !F. It is a covering 
when restricted to the regular set. 

Letjr : [0,1] ^ M be a curve with r(0) = xq. The map Tf : (TE,a;o) 

(TS, f (1)); [a] [Tf 0-] defined with respect to {T, p-^) is an isometry due to [BH2]. 

On the other hand we have Tr : (S, xq) (S, r(l)); [a] ^ [Trc] with respect to 
and the family of sections. Since the isometry tt : TS — > S passes to an isometry 
of the universal covers, we can identify Tf and T^-. In particular: 

Proposition 4.9. The sections have the same Riemannian universal cover. Simi- 
larly the regular leaves of T have the same universal cover. □ 

This proposition describes a topological difference between a singular Riemann- 
ian foliation admitting sections and a polar action, namely the normal holonomy 
of a section. While the sections of a polar action are isometric to each other, the 
sections of a singular Riemannian foliation only have the same Riemannian univer- 
sal cover. We want to explain this in more detail. We can define a local isometry 
along a vertical curve r starting in E similarly as in Verweisl 3.10. It is important 
to know that in general such a map cannot be extended to an isometry that is 
defined on all of E. For instance consider the Klein bottle N = [0, 1]^/ ~, where we 
identify the two vertical edges in opposite direction and the horizontal ones in com- 
mon direction. The two partitions, the one into vertical, the other into horizontal 
lines, build a Ricmannian/totally geodesic bifoliation, so in particular a singular 
Riemannian foliation admitting sections. Take M to be a vertical line and E to be 
the exceptional horizontal line. Let r be a curve in M from a point in E to a point 
that is not in E. Obviously we cannot extend a local isometry defined as above to 
a map defined on E that respects the foliation. But we can develop these maps on 

the Riemannian universal cover E and this is T[t-] : (E,t(0)) (E, r(l)). The set 
of the above local isometries along vertical curves t that start and end in E be- 
comes a pseudogroup of local isometries on E while the set of its developments T[^] 
becomes a group acting on E that we will later denote by F. It is more convenient 
to work with this group than with the corresponding pseudogroup. On the other 
hand we have to handle additional elements, namely the deck transformations of 
tte : E — » E, which are contained in F, but do not contribute to the geometry of .F. 
For a special choice of sections we can divide them out and obtain a group F acting 
on E, that completely describes the holonomy of T. In the case that T is the orbit 
decomposition of a polar action, F is the generalized Weyl group of a polar action. 

For a vertical/horizontal curve c and a horizontal/ vertical curve d (horizontal 
means lying in a section) starting in the same regular point a;o we denote by Ted 
the terminal horizontal/vertical edge of the homotopy H^^.d)- 

T f r iTr iTr T is vertical, a is horizontal 1 

A=|MT[.i:M^M ,(o)=.(0)'=.o,.(l)=r(l)| 
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and 

■p—JriTi v V '''^^ vertical, cr is horizontal 
1 - |iaJ7M : L - ^^^^ ^ ^^^^ ^ ^^^^^^^ ^ ^^^^ 

Later we focus on F. It turns out that this group (see below) carries the information 
about the tranversal geometry of T. As we noted before, identifying S with TE and 
their universal covers, defined with respect to T and the family of sections and 
Tf defined with respect to [T^T^) are the same; here it is important that we have 
chosen xq to be regular (check the assumption in Lemma 4.6). As a consequence 
we can identify the above two sets with their coimterparts for {T,J-^\ For F this 
means that the transversal geometry of T can be read off from that of its blow-up 
T. The rules in the next lemma work for T of (T^T^^. For T oi T the second 
rule has an exception: If is horizontal and C2(0) is singular, the assumption in 
Lemma 4.6 are not met and r'(.)C2 is not defined. This case will not occur in our 
discussion. 

Lemma 4.10. Let c\ and C2 both be horizontal/vertical with ci(0) = xq and ci(l) = 
C2(0) and d vertical/horizontal with d{0) = ci(0). Then 

^ciC2 = o and 7d(ciC2) = TrfCi • TT^^dC2- 

Proof. The proof is clear. □ 

Lemma 4.11. T is a subgroup o//(E) and A a subgroup of Diff{M). 

Proof. This is an easy application of Lemma 4.10. See [To]. □ 

We have already explained the geometric meaning of these groups. Now we 

want to give a relation between 7ri(iV,xo),F and A. We identify the actions of F 
and A with the corresponding actions for {jF,J-^). For [ji] G 7ri(iV,xo) we define 
7[m] '■= [{^^h)]^^^^lv)-l] e f and A[^] := [{lJ'v)\T[{^h)-i} G A, where is the initial 
vertical edge of the unique rectangle that has diagonal ^, and so on. One can easily 
show that 7 : 7ri(iV,xo) T; M ^ a-nd A : 7ri(iV,.-ro) A; [/i] i-^ A[^] are 
homomorphisms. 7ri(iV,a;o) acts naturally from the left on the universal cover of 
N. We want to transfer this action to M x S via the foliated isomorphism Let 
[m] G 7ri(Ar,a;o) and $([r], [a]) = [v]. Then 

^"'(MM) = {[MT^iy.^)-^[T], KlT^K^'.j-llM) = (7m(M), A[^]([<7])). 

This shows that the action of 'jti{N, xq) respects the natural bifoliation on M x S. 
Thus: 

Proposition 4.12. 7ri(iV,a;o) is a subgroup of Diff{M) x /(S). The projection of 
Tri{N,xo) on the first component is T, the one on the second is A. □ 

The projection homomorphisms are 7 and A. This describes a new view on the 
transversal holonomy group, even for the Weyl group of a polar action, for instance 
for the isotropy representation of a symmetric space. In [To] we also show for a 
bifoliation {N,T,^^): 

Proposition 4.13. If M is a leaf of T and S a leaf of , then 

]7ri(7V,a;o)l = l7ri(M,a;o)| • W{^,xq)\ ■ [MnS]. □ 



22 



DIRK TOBEN 



In the case of infinity, the interpretation of this equation is that the left value is 
infinity if and only if at least one of the factors on the right side is infinity. 

Now we want to focus on T. There is a natural injective representation : 
7ri(S,a;o) F; [a] i— > [a]. This means that F contains the deck transformations of 
tte : S — »• S; [a] i— »• a{l). Since the elements of 7ri(5],Xo) do not contribute to the 
holonomy action on E when restricting them to local transformations on S, it is 
natural to ask when we can divide 7ri(S,a;o) out of F. The following lemma gives 
a geometric condition. 

Lemma 4.14. F normalizes 7ri(S,a;o) if T, has trivial normal holonomy, i.e. if 
Tg = /o'^ 9 G 7ri(S,a;o). 

Proof. Let 7 = [o-jT^- G F and 5 e 7ri(S, a;o). Then for any A G S we have 

7(5A)= MT[.](.gA) 

= M^^MSH"^ • [o-]T[^](A) because Tg = id 
= 5'7(A) 

for g' = [a]T[^]5[c7]-i G 7ri(S,a;o). □ 

In the case of the lemma, we say that S is an exceptional section. We remark 
that this is the generic case if each section is embedded. We call the group 

F = f/7ri(i;,.xo) 

the transversal holonomy group of S. It is a subgroup of /(S). The transversal 
holonomy group generalizes the Wcyl group of the isotropy representation of a 
symmetric, space (or polar action) and the fundamental domains of F generalize 
the Weyl chambers. Note that F is independent of the choice of the fixed regular 
point Xo in the given section. But it depends on the choice of the section S, unlike 
r. Similarly we define the subgroup A = K/'k\(M,xq) in Difl[(M) if M has trivial 
normal holonomy. 

Moreover there is a representation />m : 7ri(M, xo) F; [t] ^ T\^t] that is in 
general not injective. Let K^^ be the kernel of pM and = Tri{M, xq)/ K^q. 
Since the action of 7ri(A'/, xo) on S by Pm is isometric, it is already determined by 
its infinitesimal (orthogonal) action on Tj^gS = v^qM , which is 

1 

{\a],v) ^ {\\a)v. 



This implies that H^o is isomorphic to the normal holonomy group of M. Thus we 
can write M = M /K^a for the normal holonomy principal bundle M, and H^q is 

the group of deck transformations of M ^ M. 

Let {xijie/ = A'/nS. We define [(Tq] = [cxo\ ^^nd [tq] = [cxo\- For each i G I,i 0, 
we choose a horizontal curve [cTj] and a vertical curve [tj] from xq to Xj. We can 
write any element [(j]r[T-] G F as 

a{i,g,h) := g[ai]Th[r,], 
where g G 7ri(S,xo) and h G 7ri(M, xq). 

Lemma 4.15. a{i,g,h) = a{j,g' ,h') <^=> i = j,g = g'and h~^h' € K^q. 
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Proof. {■^) follows from Thkln] = Tf^.j o Tfe o Th = T[r,] o Th ^ Th[ri\ for k G 
Kxa, since Tfe = idg.. For {=>) apply [cxa\ to both sides. We see that g[<Ji] = 
a{i,g,h)[cxQ] = a{j,g' ,h')[cxo\ = 9'[<^j]- The endpoints Xi and Xj are equal, so 
i = j. Thus g = g'. It follows Th = Tf, or T,i-i;j' = idj,. Observe that h~'^h' e 
7ri(M, a;o). Now we have h~'^h' & Kx„. □ 

We remark PS (.g) = a(0,fif, [c^^J) for any g G 7ri(S,a;o) andpM(/i) = Q!(0, [cxo\-,h) 
for any ft, G 7ri(M, a:;o). 

Proposition 4.16. T/ie set of leaves N/T is equal to S/F. // S is not an ex- 
ceptional section, T is defined and preserves T (specified in the proof). Moreover 
N/T = S/F. The set of sections is M/A. 

Proof. Wc have seen at the beginning of this section, that tt defines a bijection 
between the set of leaves of and that of ^. Therefore N/J^ = N Jp. As justified 
before we can identify E with the leaf TE of p-^ in N. Under this identification, 
the section ix^ : ^ N with image E' is equal to the restriction tt : TE E' of 
the footpoint map tt to TE. We also identify the actions of F with respect to 
and T. For the bifoliated manifold N we observe that 

f[a]=7r^^(M,(i)nrE) 

for any [a] G S and hence N /P = TE/f = E/f . Assume that E is not exceptional, 
so F is defined. From the formula above we have F(Tj,E) = Mx H TE (hence 
N/:F = TT,/r = E/F) and therefore with the obvious identifications F(2:) = M^nE 
for regular x. We say that F preserves the restriction J> of !F to the regular 
stratum. The last formula is not well-defined for singular x G E', since E can have 
self- intersections in x, thus there is no canonical element in the preimage of x in 
E = TE under ix^ ■ It is true, however, that any two points Vi , V2 G TE C N with 
7r(Vj) = X lie in the same leaf, namely Mx, as seen before. Thus both F-orbits 
coincide and are equal to Mx H TE. Its image under it is Mx fl E'. In this sense F 
preserves JF, even in singular points. □ 

The description of a F-orbit in the proof implies in particular that each element 
of F permutes the set {g[ai] \ i € I,g € 7ri(E,a;o)}- In other words, this defines 
a representation of F as a permutation group. This representation is faithful if M 
has trivial normal holonomy, because of Kx^ = 1 and Lemma 4.15. 

Now let be a proper singular Riemannian foliation admitting sections. Then 
each regular leaf M has parallel focal structure and finite normal holonomy. The 
set {xi} is disrete and closed. We call 

T^xi = {9 € 5] I d{xi,q) < d{xj,q) for all j ^ i} 
a Dirichlet region of the set {x,}, where d is the distance function in E. These sets 
are open and disjoint and we have Ui^a;» — ^- "^^^ ^'^^ star-shaped and 

therefore 1-connected; thus the universal covering tts : E ^ E is trivial over Vx^ 
and we denote the connected component of n^^CDxi) containing g[ai],g G 7ri(E, xq) 
by T^g[cri]- Then {Dg^^.] \ g G 7ri(E,a;o),* € /} is the set of Dirichlet regions for 
7rs^(MnE). 

Proposition 4.17. Let be a proper singular Riemannian foliation admitting 
sections. Then the action ofV on T, is properly discontinuous. It acts transitively 
on the set of Dirichlet regions {Vg^^.^ \ g G 7ri(E,xo),i G /} and simply transitive, 
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if M has trivial normal holonomy. The same holds for F, E and if T. is 

not an exceptional section. The set of leaves S/F is an orbifold. 

Proof. The action of F on S is isometric and has discrete orbits, thus it is 
properly discontinous, i.e., for any compact subset if of S the intersection (p{K)riK 
is non-empty for only a finite number of </> G F. This implies that the set of leaves 
is an orbifold. The rest follows from Lemma 4.15. □ 

Remark 4.18. Singular leaves of lift to exceptional leaves. Therefore the nonreg- 
ular points of the orbifold S/F correspond exactly to leaves of that are either 
exceptional or singular. 

The following lemma is clear. 

Lemma 4.19. The isotropy group '^[c^g] = PAiiT^iiM, xq)) = H^g is characterized 
in F by mapping ^^'fc^^,] onto itself. Consequently Fj^^j C ^[c^^] for any [a] € V^,.^^-^. 
An analogous property holds for F if defined. □ 

Remark 4.20. Let G be a Riemannian transformation group of (TV, g) and let S be 
a slice through a point x G N oi an orbit Gx. It is known that Gy C Gx for every 
y € S. If Gx is an orbit of maximal dimension, this means that the orbit type of 
Gx is smaller or equal to that of nearby orbits. This corresponds in our theory to 
Fj^ C and that My is covering of AL,.. 

Hxo — Fjjo means that the normal holonomy of a leaf is just the isotropy group 
of the larger action F. In other words, transversal holonomy generalizes normal 
holonomy of leaves. 

We will now give an application for the action of F. Reinhart showed in [Rei] 
that the nearby leaves of a leaf M in a Riemannian foliation are coverings of M. 
The next proposition describes the maximal neighborhood for which this is true. 
Compare with the proof in [Rei]. 

Proposition 4.21. Let M he a regular leaf of a proper singular Riemannian foli- 
ation T admitting sections and let Xq € M be arbitrary. Then any regular leaf M' 
through covers M and the degree is equal to the holonomy orbit Ffc^^,] [l], where 
7 is a shortest geodesic in T, from xo to a point in M'. 

Proof. Let yo S V^^ n M' and let 70 be a shortest geodesic from xq to yo which 
is contained in V^g- Moreover let Y :— {['yj]}jeJ ■= r[c^^][7o]. We define an action 
h ■ ([r], [7j]) = (^[T],T[;j-i][7j]) of 7ri(M, xq) on M x F. Note that this group acts 
from the left by Lemma 4.10, and the action is free and properly discontinuous. 
Let M x^j(M,xo) y ■= {M X Y)/tvi{M,xo) We want to show that 

{[r],bj]) - (7V7,-)(1) 
is a diffeomorphism. The map is clearly surjective. We show that it is well-defined. 

Let h G 'Ki{M,Xo) and ([r], [7^]) eM xY. Then 

{Tt^_,,Mt){i) = {TT^_,,,h- rT,T,_,^,T)(i) - (r,,T)(i), 

so the map is well-defined. We prove injectivity. Let {Tj.t){1) = {Tj^t'){1) 
for vertical curves r, r' starting at xq. Then t(1) = t'(1), so there is exactly 
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one h e 7ri(Af, :ro) such that /i[r] — [t']. Wc claim jk = T/^-'^lj- We have 
(r,7,)(l) = {T^,r){l) = (r^,T')(l) = {Tr'lk){l). Thus (T.7,)(l) = (T,.7fc)(l) = 
(T,(T^7fe))(l). Applying T.-i shows 7,(1) = (r„7/c)(l), i.e., ^s([7.]) = Mnl^k])- 
Since [7^] and T)j[7i;] lie in T^[c:^^] this implies [7^] = T/i[7fe] and we proved our claim. 

Now the above map is a diffeomorphism. Thus M' = M x^j(m,xo) ^ covers M with 
typical fiber Y. □ 

With the introduced methods we have extended Proposition 2.4 in [To]: 

Proposition 4.22. Let M be a closed and embedded submanifold with parallel focal 
structure and finite normal holonomy. If v € vM is a multiplicity k focal normal 
of vertical type so are its normal parallel translations. In other words the vertical 
focal data is also invariant under normal parallel translation. If v is a cut normal, 
so are its normal parallel translations. In particular, the cut distance function is 
constant along the parallel normal fields. □ 

The last statement is already known from Proposition 2.4. With this proposition 
we can distinguish a submanifold with parallel focal structure from other subman- 
ifolds by its cut locus. The next proposition proved in [To] shows the relation 
between {V^i } and the cut locus of a regular leaf, which has parallel focal structure 
as we know. It also shows that a leaf M' through is regular if M has a globally 
flat normal bundle. 

Proposition 4.23. IJ^gj dV^^ C C(^m.n) '^"'^ C(^m.n) I~I T^xi OuTc points of the cut 
locus of exp^. . // M has a globally flat normal bundle, then the focal points of 
horizontal type are contained in IJig/ ^^xi ■ ^ 

Now we express Proposition 4.21 as a corollary in terms of the cut locus. 

Corollary 4.24. Let M be a closed and embedded submanifold with parallel focal 
structure and finite normal holonomy. Then the parallel submanifolds that are not 
contained in the cut locus of M are coverings of M. □ 

The following result is a another corollary of Proposition 4.21. 

Corollary 4.25. The regular leaves with a globally flat normal bundle are diffeo- 
morphic to each other. They cover any other regular leaf, the exceptional leaves. 
These exceptional leaves, if they exist, are contained in the cut locus of any regular 
leaf with a globally flat normal bundle. The union of regular leaves with a globally 
flat normal bundle is open and dense in N. □ 

The exceptional leaves lie in the cut locus of the leaves with trivial normal 
holonomy. Can we give a sufficient condition on N that guarantees that all regular 
leaves have trivial normal holonomy? We will show that there are no exceptional 
leaves, if the ambient space is a simply connected symmetric space. We need some 
preparations. For a point p G iV we define V = V{N, (p x p) as the set of pairs 
(a;, 7), where x G M and 7 : [0, 1] ^ A'' is a if^-curve in N with 7(0) = (p{x) and 
7(1) ~ p. We write V{N, M x p) for the path space ii (p : M ^ N is the inclusion 
map. It is known that 7-* is a Hilbert manifold. The smooth function 



Ep-.V^R; (a;, 7)^ / ||7WI|'rft 
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is called the energy functional (associated to p). The map Ep is a Morse function, 
i.e., it has only non-degenerate critical points, if and only if p is not a focal point of 
if. We assume that p is not a focal point, i.e., p is regular for the normal exponential 
map of M. The energy functional is bounded below by zero and it is known that 
it satisfies the Palais-Smale condition. For s e M we write = E~^{[0,s]} and 
= E~^{[0, s)}. Let s be a regular value of Ep. The Morse inequalities state 
bki'P^) < l^kiEplV), where bk{T"') is the fc-th Betti number of V with respect to 
Z2 and fj,k{Ep\V^) is the number of critical points of index k of Ep below s. 

Theorem 4.26. Let ip : M ^ N be a proper immersion with parallel focal structure 

with finite normal holonomy into a simply connected symmetric space N . Then (p 
factorizes finitely over an embedding that has a globally flat normal bundle. There 
are no exceptional parallel submanifolds and the cut locus of M only consists of 
focal points. 

The first part of the next result was proven in Lemma 1A.3 of [PoTh] for polar 
actions. The proof refers to Lemma 2.10 in [Ew], which has a gap. We want to 
present the complete proof and relate the occurrence of exceptional leaves to the cut 
locus. It is well-known that a closed hypersurface M of a simply connected manifold 
N is orientable and thus has a globally fiat normal bundle. If the codimension is 
greater than one we have to argue differently. 

Proof. Since the image of is a leaf and because ip is proper, it factorizes 
finitely over an embedding. So we can assume that (p is this embedding. Let p 
be a regular point in N with respect to the normal exponential map of M. We 
claim that Ep has only one (local) minimum. We will prove this later. Assume now 
that there is an exceptional parallel manifold M' of M. We choose e > smaller 
than the injectivity radius of M', which is positive since the cut distance function 
is constant, p G M' and v € VpM' with non-trivial holonomy degree and ||w|| < e. 
Let w ^ V in VpM' be a normal parallel translation of v. Let M := M'^. The 
geodesies 7«|[0, 1] and 7m,|[0, 1], if parameterized in reverse direction, are normal to 
M , nonfocal and of index by the choice of e. Therefore there are at least two 
minima of Ep : 'P{N, M x p) ^ R, contradiction. Now assume that there is point p 
in the cut locus of M that is not a focal point. By Proposition 2.3 it is the endpoint 
of two minimal normal geodesies of index 0, contradiction. 

We will now prove the claim. First we observe that V is connected because of 
the homotopy sequence of the fibration V M; c c(0) and 7ri(A^) = 1. Let 
7 £ "P be an arbitrary critical point of index 1 of Ep, i.e., 7 is a normal geodesic 
of index 1, with -Bp (7) = k. Let £ > so small that there is no critical level in 
+ e] other than k. Let be the corresponding 1-cell in •p'*+^ through 7 
attached to 7"*"^. Let v G i^xM, x = 7(0) with 7^ = 7, and let tgv, < to < 1 
the focal normal with multiplicity 1. First we assume that is a focal normal of 
horizontal type. Let F be the focal leaf of ?; in M (see Remark 4.4) and not in M. 
Since F is 1-dimensional and compact we have F = S^. We construct a variation 
A : F ^ P of 7 by 



(compare with [Thl] and [Ew]). This smooth map is injective (if we took the focal 
leaf in M this map would only be a covering) and Ewert deforms it under the 
negative gradient flow of Ep to a map X' : F that has a unique non-degenerate 
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maximum in x. We denote the generator of Hi{F) — Hi{S^) by [S^], where we 
consider homology over Z2. Then z := X»{[S^]) = Ki[S^]) e Hi{V''+^) is a so- 
called Bott-Samelson cycle with the property ji{z) = [e^], where ji : Hi(T"^^^) — > 
^^^(•pK+e^-pK-e) ig the map of the homology sequence of the pair ('P''+^, y""^). 
Now we assume that w is a focal normal of vertical type, i.e., 7(fo) is conjugate to 
X along 7 in Y^x with multiplicity 1. Since Y.^ is a symmetric space as a totally 
geodesic submanifold of A^, an S^-action fixing x and 7(^0) applied to 7|[0,fo] gives 
an S'-'^-familiy of geodesies from 7(0) to 7(^0). We extend this variation as above 
to a map A : 5^ — > P and Ewert proves that also z :— A*([S'^]) e H-i{T"^^^) is a 
Bott-Samelson cycle with j\{z) = [e^]. Now let us consider a part of the homology 
sequence of the pair (•pK+e^p^-^): 

By standard Morse theory the set of [e^] for the descending cells of all critical 
points 7 of index 1 on level k is a basis of Hi{T"^^^ ,V'^~'^). As seen above, each 
[el] is in the image of ji. Therefore 5i = 0. Thus io : HqIv^-^) Ho{V'^+^) is 
injective for every critical level k and consequently also io : Ho{V^) — > HqCP) for 
every r. Since V is connected, Hq{'P) = Z2 = HoiV^), so 7"" is connected for every 
r. If Ep had at least two minima, the higher one say on level k, 7?''+^ would be 
disconnected for small e, contradiction. □ 

Note that we can drop symmetry of N if we assume the sections are either 
symmetric or do not have conjugate points. 
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